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All students must answer questions 1 and 2 


Question 1 (15 marks) 


(a) Calculate the probability that a particle in a one-dimensional box of length a is found between 


0.la and 0.22.a when it is described by the following wave function: 


2. P=") 
,{—sin 
a a 


(b) What is the linear momentum of a particle described by the wave function below with A = 0. 


—ikx 


yw = Ae + Be 


(c) An un-normalized wavefunction for a light atom rotating around a heavy atom to which it is 


bonded is y(g) =e” with 0 < ¢ < 2m. Normalize this wavefunction. 


Question 2 (10 marks) 


The microwave (rotational) spectrum of c!%O consists of a series of lines spaced by 115.3 GHz. 


Assuming that the rotational energy levels of this molecule can be approximated by those of the rigid 


rotor, use these data to determine a value for the rotational constant B , the moment of inertia 7 , and 


hence the bond length R. Be careful to work in SI units throughout. ('*C = 12.000 mass units and '°O 


= 15.995 mass units) and note that 1Hz=1s"'. 
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Answer either all of Stream A or all of Stream B 


Stream A — Molecular Symmetry and Statistical Thermodynamics 


Question 3 (15 marks) 
Consider the following molecules: 
borazine 
a 
O F 
\ Br 
B—O —F 
/ \ am 
boric acid 1,3-dibromocycloheptane fluoroform 


~7 
a 


F F 


tetrafluoroethylene zirconocene 2,3-diamino-2,3-dimethylbutandialdehdye 
(a) Identify the point group of each molecule above. 

(b) On the structure of borazine, indicate all the symmetry elements. 

(c) Construct the group multiplication table for tetrafluoroethene. 


(d) Determine which molecules can have a permanent dipole moment. 
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Question 4 (10 marks) 


(a) Find a reducible representation NT based on the x, y, and z coordinates of each atom ina 


fluoroform molecule, such as the one shown in question 1. 
(b) Decompose your reducible representation into irreducible representations of the C3, point group. 
(c) Which irreducible representations correspond to the vibrational modes of fluoroform? 


(d) How many peaks will be seen in the (i) Infrared and (ii) Raman spectra of fluoroform? 


C3, E 2C; 30, h=6 
Ay 1 i 1 z2,x ty 
Ad 1 1 —] R, 
E 2 -l 0 (x yOoy, 2°-y)Qxz,y2) (Ry, Ry) 
Question 5 (10 marks) 


A certain molecule has a double degenerate excited state lying at 360 cm” above the non-degenerate 


ground state. At what temperature will 15 per cent of the molecules be in the upper level? 


Question 6 (10 marks) 


Calculate the vibrational contribution to the entropy of Cl2 at 300 K given that the wavenumber of the 


vibration is 560 cm’. 


Question 7 (15 marks) 


An O3 molecule is linear (o =2), and its vibrational wavenumbers are 1110 cm’, 705 cm! and 1042 
cm’. The rotational constants of the molecule are 3.553 cm’, 0.4452 cm’ and 0.3948 cm’. 


Calculate the rotational and vibrational contributions to the molar Gibbs energy at 298 K. 
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Question 8 (15 marks) 


(a) Calculate the electronic partition function of a tellurium atom at (i) 298 K, (ii) 1000 K by direct 


summation using the following data. 


Term Degeneracy Wavenumber (cm) 
Ground 5 0 

1 1 4707 

2 3 4751 

3 5 10559 


(b) What proportion of the Te atoms are in the ground term and in the term labelled 2 at the two 
temperatures? 


(c) Calculate the electronic contribution to the standard molar entropy of gaseous Te atoms. 


This is the end of the Stream A questions 


k=138x 107 JK" 


N, =6.022x10™ mol! 


Linear Momentum Operator: 


Derivatives: 


Integrals: 


Complex Number: 


Complex Conjugation: 


Population of a state i: 


Molecular partition function: 


Electronic Energy: 


Rotational partition function: 


Rigid Rotor: 


Vibrational Partition Function: 


Gibbs energy: 


Entropy: 


h=6.626x 10 Js 
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Stream A - Useful Data and Information 


c = 2.998 x 10° ms" Me 


R=8.314J K! mol’ x =1 


Ad 

i dx 

d f(x) [< f(x) 
—e =|— f(x)| e 
fs a! ) 

b ny 
frvar-| 

, n+l 


where c is a constant 


7 x sin2dcx |’ 
[sin?cx dx = — — ——— 
2 4c |, 


a 


a+ib where a and b are real and i” = -1 
(a+ib)” =(a+ib)(a—ib) and (e“)? =e".e™ 


-Beé, -Bé, 
e ge 
Pi=——_ Oo Py = : 
q 


with degeneracy g included 


> e* or q= > ge with degeneracy g included 


i levelsI 


é; =hev; 

1 kT 
a AT > for linear rotors 
Oo hcB 
3/2 V2 

1 (kT 

Gg = [ [ << =] > for non-linear rotors 
oa \ he ABC 


where A, B, C are the rotational constants of the molecule and o is 
the symmetry number (the number of indistinguishable orientations of 


the molecule). 


Line spacing = ca rotational constant B = : ;1=uR ‘ 
h 8z°cl 
Ing” hev 
ae where 2 =1/kT ging = i 
=e" op en’ —] 


G,,-G,, (0)=—RT Ing 


Aa 1G 
T \ op 


S(T) = - }: N, king 
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Stream B — Quantum Mechanics 


Question 9 


(a) 


(b) 
(c) 


(d) 


The Schrédinger equation for the hydrogen atom (for the proton fixed at the origin) can be written 


in the form 


lor ee P Oxy 1 @ 

6 6, 
xls =U 2 te asin 2) gee 9) 
+[E-V(r)(r,0,¢)=0 


Explain how this form of the equation is obtained from the general time-dependent Schrédinger 


equation 

ih < (r,t) = HY (r,t) [4 marks] 
Outline the method of solving the above equation for w(r,0, o) : [3 marks] 
Discuss some properties of the hydrogen atom energy eigenfunctions and eigenvalues that are the 
solutions of the equation for w(r,0, p). [8 marks] 
The above theory assumes that the proton is fixed at the origin. [4 marks] 


(1) Outline how the Schrédinger equation is solved if this assumption is not made. 


(11) What changes occur to the energy eigenfunctions and eigenvalues? 


Question 10 


(a) 


(b) 


Discuss TWO of the following approximation methods in quantum mechanics. Explain the 
types of problems to which the approximation methods can be applied, how the basic theory is 
developed, and how they are applied in practice. Include some mathematical details in your 
answer. 


(i) The Hartree theory of atoms and ions. 
(ii) The variational method. 


(ii1) Nondegenerate and degenerate perturbation theory. 


[14 marks] 
A particle of mass m is in a potential 
V(x)=0 O0<x<L 
= 00 otherwise 
Use trial function x(x-L) to estimate the energy of the lowest eigenvalue. 
[5 marks] 
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Question 11 


(a) 


(b) 


An arbitrary complex wavefunction can be written via the Fourier integral 


¥E)= ye [NI PRewltk rer}, 


where H(k) the wave function in momentum space, exp lil -* — cr) is a plane wave with 


wave-vector k and angular frequency w. Taking the above integral as a starting point, show 


that 
Bis 1 a Pee 
You may wish to make use of the integral representation of the Dirac delta function: 


5(F) = 5(x)5(y)s(z) = GaF {[f exe [ak = ak 


Briefly outline the physical meaning of the above expression for Y(F,t). 
[10 marks] 


A particle of mass m moves in a one-dimensional potential 


0, for |x|<a 
Y= ee 
coo, otherwise 


The potential is perturbed by the addition of a term 


V aoe for |x| <a 


0, otherwise 


where A <<1 and B is a constant. Obtain the first-order energy shift, EU , for the ground state 


2 
Oe gles) ee Ee 
(% San oe EN eo ae aay ae 


[7 marks] 
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Question 12 
(a) (i) A vector operator L , with Cartesian components Chghgls)s is an angular momentum 


operator if the said components are Hermitian operators that obey: 
2.2, |eend.= 16,2, [Etats [2.2 [=ind,. 
Using the above commutation relations, show that L?=2 +L +2 commutes 
individually with each of the L,,L, and L,. 
(ii) Let L, =L,+ iL, and L=L, ~iL,. Prove the following two formulae: 
L,i,=-Rni, and |i.,i,|=+ni,. 
You are reminded that, by definition, [A,B]=AB-BA. You may wish to make use of the 
following identity of commutator algebra: 
[A,BC]= [A,B]C+B[A,C] 


[10 marks] 
(b) Operators A and A® are defined by 
~ 1 d » 1 d 
A=—| €+—]; A’ =—=| €-— 
V2 [ Z| 2 i: Z| 
(i) Show that the Schrédinger equation for the harmonic oscillator may be written as 


[Ava a = ay (€), where €& =(ma@/h)x’ and ¢ = E/(ha). 


(ii) Explain why A and A* are called ladder operators. 
[10 marks] 
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Stream B Equations 


are 1; ¥"(O.p)=N,"P"(cos@)e""*’;  E=-p-B 
ae | d » 1 d 
A=—=| €+— |; a 
sera} *=gela 
N(E)= < or = or = 
=p me =i 
eo +] oe Ns 
o| kT | kT | kT 
rake th| x d y e = g 
Oy Ox Og 
2 2 
Hae | Coe 2 av) 
2m\ or ror hr 
2) 
LV =-7r E (sino 5} = a 
sin? 00 0d) sin’ 0 0¢ 


>> ie) = (weve vv") 


=| 


Please remember - This examination question paper MUST BE HANDED IN. Failure to do so may 
result in the cancellation of all marks for this examination. 


Writing your name and number on the front will help us confirm that your paper has been returned. 
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1 H Z ws 
cee Periodic Table of the Elements 
1.007 94 Group 18 
2 
He 
Helium 
Group 1 Group 2 Group 13 Group 14 Group 15 Group 16 Group 17 4.002 60 
3 5 6 cf 8 9 10 
» foe B C N fe) F Ne 
Lithium Boron Carbon Nitrogen Oxygen Fluorine Neon 
6.941 10.811 12.0107 14.0067 15.9994 18.998 4032 20.1797 
11 13 14 15 16 17 18 
; Na Al Si P ) Cl Ar 
Sodium Aluminum Silicon Phosphorus Sulfur Chlorine Argon 
22.989 769 28 Group 3 Group 4 Group 5 Group 6 Group 7 Group 8 Group 9 Group 10 Group 11 Group 12 26.981 5386 28.0855 30.973 762 32.065 35.453 39.948 
19 21 22 23 24 25 26 27 28 29 30 31 a2 33 34 35 36 
— Sc Ti Vv Cr Mn Fe Co Ni Cu Zn Ga Ge As Se Br Kr 
Potassium Scandium Titanium Vanadium Chromium Manganese Iron Cobalt Nickel Copper Zinc Gallium Germanium Arsenic Selenium Bromine Krypton 
39.0983 44.955 912 47.867 50.9415 51.9961 54.938 045 55.845 58.933 195 58.6934 63.546 65.409 69.723 72.64 74.921 60 78.96 79.904 83.798 
37 39 40 41 42 43 44 45 46 47 48 49 50 51 52 53 54 
; Rb y; Zr Nb Mo Tc Ru Rh Pd Ag Cd In Sn Sb Te I Xe 
Rubidium Yttrium Zirconium Niobium Molybdenum Technetium Ruthenium Rhodium Palladium Silver Cadmium Indium Tin Antimony Tellurium lodine Xenon 
85.4678 88.905 85 91.224 92.906 38 95.94 (98) 101.07 102.905 50 106.42 107.8682 112.411 114.818 118.710 121.760 127.60 126.904 47 131.293 
55 57 72 73 74 75 76 ite 78 79 80 81 82 83 84 85 86 
. cs La Hf Ta WwW Re Os Ir Pt Au Hg Tl Pb Bi Po At Rn 
Cesium Lanthanum Hafnium Tantalum Tungsten Rhenium Osmium Iridium Platinum Gold Mercury Thallium Lead Bismuth Polonium Astatine Radon 
132.905 4519 138.905 47 178.49 180.947 88 183.84 186.207 190.23 192.217 195.084 196.966 569 200.59 204.3833 207.2 208.980 40 (209) (210) (222) 
87 89 104 105 106 107 108 109 110 111 112 114 116 
‘ Fr Ac Rf Db Sg Bh Hs Mt Ds Rg Cn Uug* Uuh* 
Francium Actinium = Rutherfordium Dubnium Seaborgium Bohrium Hassium Meitnerium Darmstadtium Roentgenium Copernicum Ununquadium Ununhexium 
(223) (227) (261) (262) (266) (264) (277) (268) (271) (272) (285) (289) (292) 
e The systematic names and symbols for elements The discoveries of elements with atomic numbers 112, 114, and 116 have been reported but not fully confirmed. 
greater than 112 will be used until the approval 
ey eee 58 59 60 61 62 63 64 65 66 67 68 69 70 1 
Ce Pr Nd Pm sm Eu Gd Tb Dy Ho Er Tm Yb Lu 
Cerium Praseodymium Neodymium Promethium Samarium Europium Gadolinium Terbium Dysprosium Holmium Erbium Thulium Ytterbium Lutetium 
140.116 140.907 65 144.242 (145) 150.36 151.964 157.25 158.925 35 162.500 164.930 32 167.259 168.934 21 173.04 174.967 
90 91 92 93 94 95 96 97 98 99 100 101 102 103 
Th Pa U Np Pu Am Cm Bk Cf Es Fm Md No EG 
Thorium Protactinium Uranium Neptunium Plutonium Americium Curium Berkelium Californium Einsteinium Fermium Mendelevium Nobelium Lawrencium 
232.038 06 231.035 88 238.028 91 (237) (244) (243) (247) (247) (251) (252) (257) (258) (259) (262) 


The atomic masses listed in this table reflect the precision of current measurements. (Each value listed in 
parentheses is the mass number of that radioactive element's most stable or most common isotope.) 
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